Abstract-This paper proposes a computational, very efficient, approach for designing a novel family of -channel maximally decimated nearly perfect-reconstruction cosine-modulated transmultiplexers. This approach is referred to as the generalized windowing method for transmultiplexers because after knowing the transmission channel a proper weighted sum of the inter-channel and inter-symbol interferences can be properly taken into account in the optimization of the window function, unlike in other existing windowing techniques. The proposed approach has also the following two advantages. First, independent of the number of subchannels and the common order of the subchannel filters, the number of unknowns is only four. Second, the overall optimization procedure is made considerably fast by estimating the above-mentioned sum in terms of two novel measures, namely, the signal to inter-symbol and the signal to inter-channel interferences, which are very easy to evaluate. Furthermore, when the transmission channel is not considered in the design, a table is provided, which contains the parameters for designing the prototype filter directly by using the windowing method without any time-consuming optimization. When comparing the resulting transmultiplexers with the corresponding perfect-reconstruction designs (the same number of subchannels and same prototype filter order), the levels of interferences are practically the same. However, when the system is affected by a strong narrowband interference, the proposed transmultiplexers outperform their PR counterparts. Design examples are included illustrating the efficiency of the proposed design approach over other existing techniques based on the use of the windowing method.
(IDFT) and the discrete Fourier transform (DFT), respectively. The attractive features of these two systems are a low design complexity and an easy equalization process accomplished with the aid of a cyclic prefix. Inserting such a cyclic prefix in the system, however, considerably reduces the payload of the transmission. The second drawback of these two systems is that a narrowband interference could degrade several subchannels and make them unusable due to the fact that the attenuation of the first sidelobe in the subchannel filters is approximately only 13 dB.
The significant spectral overlap between subchannel filters in DFT-based MCT systems can be avoided by using alternative filterbanks-based techniques, known as the filterbanks-based multicarrier transmission systems (FB-MCTs), such as the overlapped DMT [3] , [4] , filtered multitone transmission (FMT) [5] , or the discrete wavelet multitone transmission (DWMT) [6] . These FB-MCT systems use finite-impulse response (FIR) filters that are longer than the rectangular filters used in DFT-based MCT systems, thereby resulting in better subchannel spectral containment. Moreover, there are efficient techniques for implementing FB-MCTs [7] . For this purpose, modulated transmultiplexers (MTs), such as compleX-modulated transmultiplexers (CXMTs), cosine-modulated transmultiplexers (CMTs) and sine-modulation transmultiplexers (SMTs) are good candidates since in these systems the synthesis and analysis filters are generated in efficient manners based on the use of one or two prototype filters. However, their main problem is the equalization process due to the use of long filters [8] . In order to solve this problem, the MTs (FB-MCTs) must have a large number of subchannels. In this case the frequency response of the transmission channel in each subchannel can be considered flat and the equalization can be performed in a very simple way, that is, by using a single tap frequency-domain equalizer per subchannel. However, such a requirement makes the design of the prototype filters for generating MTs very difficult because the number of coefficients involved in the optimization process tends to be very large.
This paper concentrates on -channel CMTs with subchannel filters of order , where is an integer, that is called the overlapping factor [9] and is the number of subchannels. Fixing the subchannel filters order in the above manner is motivated by the fact that when designing perfect-reconstruction (PR) systems, only for these orders there are no severe restrictions on any value of the impulse-response coefficients of the prototype filter (see, e.g., [10] ). It is worth mentioning that, due to the relation among MTs, the approach proposed in this paper can be applied equally well to the design of prototype filters for SMTs and CXMTs [10] [11] [12] [13] . Additionally, due to the duality between multirate filterbanks and transmultiplexers, the approach proposed in this paper can also be applied to the design of filterbanks.
This paper focuses on nearly-perfect reconstruction (NPR) CMTs due to the fact that in most applications, the transmission channel itself introduces a considerable distortion. NPR CMTs relax the PR condition by allowing small inter-channel interference (ICI) and inter-symbol interference (ISI). Allowing these small interferences is beneficial since it enables one to achieve better stopband performances compared with the PR case.
The main contributions of this paper can be summarized as follows.
1) When taking into account the transmission channel, new analytical expressions are proposed for evaluating the signal-to-ICI ratio (SICI), signal-to-ISI ratio (SISI), and signal-to-overall-interference ratio (SI). 2) For optimization purposes a new objective function is provided, which properly controls the trade-off between interferences for a given transmission channel. 3) A computationally efficient approach is proposed for designing prototype filters for a novel family of NPR CMTs. The optimization problem has always four unknowns, independently of the order of the subchannel filters. This enables one to design extremely selective transmultiplexers with a reduced design complexity. 4) Finally, when the transmission channel is not considered in the design approach, a table is provided containing the parameters that are required for the design of a prototype filter by exploiting the windowing method (WM) [14] without any time-consuming optimization. By using this table, systems with very long subchannel filters and good interference levels can be designed without any optimization. This paper is organized as follows: The NPR CMTs are briefly reviewed in Section II. Section III gives closed-form expressions for measuring the ICI and ISI when taking into account the transmission channel. The design problem is stated in Section IV together with an efficient algorithm for solving this problem. Section V provides some design simulations in order to clarify when and/or where the proposed approach is a suitable choice. Finally, in Section VI some concluding remarks are given.
II. COSINE-MODULATED TRANSMULTIPLEXERS
An -channel transmultiplexer is an -channel filterbank, where the synthesis block (transmitter) precedes the analysis block (receiver) in order to form a system with inputs and outputs, as depicted in Fig. 1 [15] . At the transmitter, the input signals are, first, interpolated by a factor of , secondly, filtered by the synthesis filters for , and, finally, added to form a single signal for transmission over a given transmission channel . At the receiver, the signal is then split back into -channels for generating the desired outputs, that is, the outputs for that carry as well as possible the information included in the corresponding input signals . This is performed by, first, filtering the signal by the analysis filters for and, then, decimating the output signals of the analysis filters by a factor of .
According to discussion in [16] [17] [18] , an -channel NPR filterbank will not lead to an -channel NPR transmultiplexer unless the filterbank introduces a delay of samples with being an integer. In this case, the corresponding transmultiplexer introduces an integer value delay of samples between the corresponding output and input signals. Therefore, in order to ensure the NPR property, in most cases a delay term should be inserted in the transmultiplexer before the demultiplexer block, as shown in Fig. 1 [19] . For instance, if the order of the subchannel filters is , then a delay term has to be used in order to make with . In CMTs, all the analysis and synthesis filters can be easily generated by modulating an th-order lowpass linear-phase prototype filter with impulse response as follows [20] :
for . In the -domain, the relation between the output in the th subchannel and all the inputs for can be written as (2) where describes the transfer function between the th input and th output (at the transmission channel sampling rate) and is given by (3) for and . 1 For , this function describes the crosstalk function between the th and the th subchannels. For , in turn, it describes the direct transfer function in the th subchannel.
III. GENERAL MEASURES FOR THE SIGNAL-TO-ICI AND SIGNAL TO ISI
The ICI in each subchannel is the undesirable effect of the remaining inputs on that subchannel. The ICI in the th subchannel can be conveniently measured as follows [21] : (4) where can be obtained from (3) . On the other hand, the ISI in that subchannel is the undesirable effect due to the fact that the transmitted sample does not occur at the output at the right time instant. The ISI in the th subchannel can be measured as follows [21] : (5) where (6) represents the norm of the frequency response . The previous two measures are good enough for measuring the ICI and ISI in the th subchannel if the transmission channel is not included in the computations. However, when including the transmission channel, the ICI and ISI cannot be evaluated without taking into consideration how the transmission channel is affecting the direct transfer function of that subchannel. Therefore, in this paper, two new measures, namely, the signal to inter-channel interference (SICI) and the signal to inter-symbol interference (SISI) are proposed.
The measures the ratio between the signal and the crosstalk interference levels in the th subchannel. It can be evaluated by using the following formula: (7) where (8) is the energy of the th direct transfer function and , as given by (4), is the energy of the ICI in the same subchannel.
The in turn, measures the ratio between the signal and the ISI levels in the th subchannel. It is evaluated by (9) where and are given by (8) and (5), respectively.
Furthermore, a global measure for the signal-to-overall interference ratio (SI) in the th subchannel, denoted by can be defined as (10) It measures the ratio between the energy of the direct transfer function in the th subchannel and the energy of the overall interference in that subchannel.
In order to compare the proposed approach with other design approaches, a measure being independent of the design procedure has to be used. A good candidate for that purpose is the signal-to-noise ratio (SNR). The SNR in the th subchannel is defined by (11) where (12) Here, is the overall system delay and and are the input and the output signals in the th subchannel, respectively. The SNR of the overall transmultiplexer is defined as the average of the in all subchannels, that is,
In order to show the relationships of the new measures proposed in this paper, that is, the and , with the , an analysis was performed as follows. First, a 32-channel PR CMT was designed by using the approach proposed in [10] in the case 2 . Secondly, the transmission channel was selected to have the frequency-domain characteristics as shown in Fig. 2 . Fig. 3 (a)-(c) displays the and for
. By comparing these figures, the following two observations can be made: First, the performance of the follows rather closely the worse one among those of the and and second, the proposed measure provides a very good information about the . Therefore, by using only the measures and for enables one to design CMTs that have a good performance over the transmission channel also in terms of the values of for . Moreover, these measures can be evaluated very fast and, most importantly, in straightforward manners. These facts emphasizes the usefulness of the new measures of "goodness" proposed in this section.
IV. PROPOSED GENERALIZED WINDOWING APPROACH
Up to now, several approaches have been proposed for designing prototype filters for CMTs, for instance [22] and [23] . In this section, a computationally efficient approach for designing linear-phase th-order FIR prototype filters for -channel 2 Recall from Section I that this contribution concentrates only on prototype filters of order N = 2KM 0 1, where K, called overlapping factor, is an integer. maximally decimated NPR CMTs is proposed, called Generalized Windowing Method for Transmultiplexers (GWMT). The key idea in this approach is to design the prototype filter in such a manner that it provides CMTs for a given transmission channel with a properly selected trade-off between the ICI and ISI by using a very simple and consequently very fast design algorithm. The corresponding optimization problem and an efficient unconstrained optimization algorithm for solving it are given. When the transmission channel is not considered in the design approach, a table with the parameters that are required for the design of a prototype filter without time-consuming optimization is also provided.
A. Windowing Method for FIR Filter Design
The proposed GWMT approach is based on the Windowing Method (WM). In the WM, the values of the impulse-response coefficients of a causal th-order linear-phase FIR filter are simply generated for as (14) where is the impulse response of a causal ideal lowpass filter given as for otherwise (15) 
for
. The values are the weights of the terms for . Without loss of generality, this window function is normalized, according to [14] , [24] [25] [26] , as (17)
B. Statement of the Optimization Problem
In the proposed general problem formulation, the prototype filter order , the number of subchannels , and the compromise factor between the ISI and ICI are fixed before the optimization procedure is started. The weights in the generalized cosine window function and the cut-off frequency of the ideal lowpass filter are adjusted by minimizing the following objective function: (18) where , and are given by (8) , (4), and (5), respectively. The factor controls the weights of the ICI and ISI. When the requirements of the application are known beforehand, the value of can be selected such that it appropriately emphasizes the importance of the interference that is more crucial for the application at hand. For instance, when emphasizing both interferences in the same way, is a good selection.
The adjustable parameter vector contains only four adjustable terms, independently of the subchannel filter order and the number of subchannels, that is, After finding the weights and , the remaining weight is determined according to the condition of (17) . The analysis and synthesis filters are generated from the prototype filter by using the cosine-modulation scheme, as given by (1) . Moreover, in the overall structure for implementing GWMT-based CMTs, as shown in Fig. 4 , additional correction factors that make the average of equal to unity are included. The desired factors are given by (19)
C. Efficient Algorithm for Solving the Optimization Problem
There exist several approaches for designing prototype filters for CMTs that are based on constrained or unconstrained optimization problems. In most of these problems, the unknowns are the impulse-response coefficients of the prototype filter. Moreover, the objective function and the constraints are highly nonlinear with respect to the unknowns. Therefore, very complicated nonlinear optimization algorithms have to be used.
Search methods that use only function evaluations are the most suitable for problems that are highly nonlinear or have a large number of discontinuities. Gradient methods are generally more efficient when the function to be minimized is continuous in its first derivative. Methods using higher order derivatives, such as Newton's method, are only suitable when the second-order information can be easily evaluated because calculating the second-order information, using numerical differentiation, is computationally expensive.
The proposed optimization problem is hard to solve analytically and it is difficult to guarantee the arrival at the global optimal solution. However, it has turned out that a local optimal solution can be obtained numerically by using the Nelder-Mead simplex minimization algorithm [27] . This optimization algorithm is very efficient from the time consuming and proper final solution points of view. The Nelder-Mead Simplex minimization algorithm uses only function values, that is, it is a direct search method that does not use numerical or analytic gradients [28] . For this purpose, the function fminsearch from the optimization toolbox provided by MathWorks, Inc. [29] is used.
Additionally, for a given optimization problem, it is important to find a good starting point. In most cases this is not trivial. Fortunately, for solving the above proposed optimization problem, based on the experimental data, a good common starting point of the adjustable parameter vector that can be used for all the designs, i.e., independently of the number and order of the subchannels filters, is (20) In this case, the four-term generalized cosine window function is initialized at the Blackman window function parameters and the cut-off frequency of the ideal lowpass filter is located at , that is, the theoretical position of the of the prototype filter for designing CMTs. 
D. Tabulated Parameters
When the proposed GWMT approach is used for designing prototype filters for CMTs without including the transmission channel in the proposed design approach, it is straightforward to first provide a table with the required parameters and, then, to design, based on these parameters, the prototype filters using only the WM, without involving any time-consuming optimization. This simplified procedure is motivated by the following experimentally observed facts.
1) The optimized values of the weights for in the generalized cosine window function, as given by (16) , depend only on the integer parameter . Table I shows their values in the cases for , and . The attractive property of the optimized window functions is that their shapes for the given values of and remain practically the same as is varied.
2) The optimized value of the cut-off frequency of the ideal lowpass filter does not only depend on the number of subchannels , but also on the parameter . This is illustrated in Table I that provides the optimized values for . 3) Fig. 5 shows the 3 dB cut-off frequency of the prototype filters and its theoretical position when designing 8-channel CMTs in the cases for the 4) The interference level is practically independent of the number of subchannels. It depends mainly on the parameter . Therefore, the results presented here are valid for any number of subchannels as long as . Table II shows the SICI, SISI, and SI for the GWMT-based CMTs in the cases for , and 4 . It can be observed that values of the interferences depend on the selected value. Selecting provides the CMTs with the best SI performance. Smaller (larger) values of improve the SISI (SICI) by emphasizing in the objective function that interference. It is worth noticing that in the case, the algorithm minimizes the objective function, as given by (18) , as much is possible. However, there is always a limit for the SICI that depends on the value, that is, on the stopband attenuation attained by the corresponding order of the prototype filter. In order to illustrate the magnitude responses of the optimized prototype filters, Fig. 6 shows the responses of the optimized prototype filters for GWMT-based 8-channel CMTs in the case for , and .
V. DESIGN SIMULATIONS
In this section, in order to illustrate the usefulness of the design approach proposed in this paper, the performances of various 32-channel NPR CMTs are compared in the and cases. The following design approaches are included in the comparison.
1) The proposed GWMT approach for . The weights of the generalized cosine window function and the values of are given in Table I. 2) The windowing method for designing filterbanks (WMFB) introduced in [30] using the Blackman window.
3) The Kaiser window approach (KWA) proposed in [23] . For comparison purposes, the minimum stopband attenuation is chosen to be equal to the of the proposed GWMT- 4 When the transmission channel is not considered in the design approach, the SICI ; SISI and SI do not change from subchannel to subchannel. In this case, the same nomenclature is used but without the index k. based NPR CMT for the same number of subchannels and order of the filters. 4) The Mirabbasi-Martin approach (M-M) proposed in [26] .
The impulse response coefficients of the prototype filters in the M-M approach depend on the overlapping factor and are given in [26, Table I ]. 5) A PR CMT with the prototype filter designed in the leastmean-square sense [10] . Fig. 7 shows the resulting magnitude responses of the prototype filters for these five design approaches. Tables III and IV report the values of the SICI, SISI, and SI for the designs under consideration in the and cases, respectively. In order to show the performances of these systems from another point of view, the tables provide also the SNR values as defined by (13) . Tables III and IV show that the GWMT approach provides among the four NPR approaches under consideration the CMTs with the highest values of SI for both overlapping factors ( and ). This is a direct consequence of the fact that this measure is optimized in the GWMT approach. Furthermore, the GWMT-based CMTs also provide the highest values for the SNR. These results show that optimizing the interference levels in the proposed manner results in a maximized value for the SNR.
In order to show the performances of the above-mentioned five designs in some practical environments, the next three subsections compare the different CMTs in cases, where the noise, 
A. Effects of an Additive White Gaussian Noise
The noise used in this simulation is an additive white Gaussian noise (AWGN) with zero mean. The transmitted signal to AWGN noise ratio is defined by (21) where is the power spectral density (PSD) of the transmitted signal and is the PSD of the AWGN. The maximum value of the in the overall frequency band for a given in the transmission channels in use is specified by standards. For the simulations, the is fixed to be 60 dBm/Hz and the frequency band in use is 15 MHz, which corresponds to the very high Discrete Subscriber Line (VDSL) transmission considered in [31] . Fig. 8 shows the resulting values of the SNR as functions of in the case. Based on this figure, the following two observations can be made. First, for low values of , that is, dB, all CMTs have practically the same performance due to the high level of noise. Secondly, for higher values of , the proposed GWMT-based CMT has the performance closest to that of the PR CMT among the remaining four NPR designs.
B. Effects of a Narrowband Interference
In this simulation, a narrowband interference is added to the systems analyzed in the previous section. This narrowband interference being as a result of the use, for instance, an amateur radio, is assumed to consist of a very strong sinusoidal component, for which the interference frequency is located at 7.27 MHz. This is a proper selection in order to place the frequency of this interference in the very close vicinity of the center of the 15th subchannel of a 32-channel CMT in the 15-MHz transmission band case.
As it was observed in previous section when not taking into account the effect of a narrowband interference(see Fig. 8 ), the really noticeable differences in the performances among the five CMTs under consideration in this contribution occurred for the values of higher than 25 dB. Therefore, for the following simulations, dBm/Hz, that is, dB is used. Furthermore, in order to observe how the PSD of the narrowband interference is affecting the five systems, two different PSD values of the narrowband interference, denoted as , are chosen, namely, dBm/Hz and dBm/Hz. Fig. 9 shows the values of the for the 32-channel CMTs in the case. The following observations can be made based on these simulations and can also be generalized for other number of subchannels.
1) When comparing the NPR results with those of the PR case, it can be observed that the PR-based CMT is more affected when increasing the than the four NPR CMTs (the average of the SNR is going down from 55 to 40 dB).
2) The GWMT-based CMT has among the four NPR designs the best performance for the considered order of the subchannel filters.
C. Effects of the Transmission Channel
When the transmission channel is considered in the GWMT design approach, the optimized values of the weights for in the generalized cosine window function and the cut-off frequency of the ideal lowpass filter for designing a 32-channel CMT are different than the values provided in Table I . For the transmission channel as shown in Fig. 2 , the weights for and providing the best performance are given by (22) A comparison between the proposed GWMT-based 32-channel CMT designed by using the parameters, as given by (22) and the CMTs designed by remaining four methods is given in Fig. 10 . As expected, the SNR depends heavily on the frequency response of the transmission channel, particularly, of its phase response. Furthermore, it is obvious that huge nonlinearities of the transmission channel can not be compensated by designing only one symmetrical window used for designing the prototype filter of the CMTs. Nevertheless, as seen in Fig. 10 , the proposed method results in transmultiplexers having better SNRs than transmultiplexers designed by other methods. This indicates that there is an attractive chance to study whether it is possible to improve the overall results by including a proper equalization process in the optimization technique proposed earlier in this contribution.
VI. CONCLUSION
A simple and efficient design approach for optimizing the prototype filters for NPR CMTs was proposed. In this approach, the trade-off between the interferences for a given transmission channel is controlled during the optimization stage by the proposed objective function. Furthermore, the number of unknowns is only four independently of the order of the subchannel filters and the number of subchannels. This paper also provided tabulated parameters for designing the prototype filters for CMTs without optimization, thereby simplifying the overall design algorithm when the transmission channel is not considered. In this case, it was observed that selecting to be equal to 0.5 results in CMTs with the highest SI performance, whereas smaller (larger) values of improve the SISI (SICI). Moreover, the simulation performed in this contributions showed that the highest SNR is achieved by using the proposed design among the other four NPR design approaches under consideration. The design approach of NPR CMTs including the equalization process remains as a topic for future work. Preliminary results indicate that there is a chance to improve the proposed technique by including the equalization process.
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